| | OUTLINE | |

| | Part | — Classical computational methods to | | Part Il — Introducing Geometric Numerical Machine

solve the Einstein’s equations| | Learning and SINFONIA| |

L& The physical problem L Introduction to key concepts in Al and ML

L& How does one solve Einstein’s equations? L& Can ML aid address current challenges faced by SOTA trad
methods ::: the case for Gravity-Informed Neural Network

& Solutions to perturbative approaches via (GINNSs)?

traditional computational methods
L& How to craft a GINNs? Cruising through different GINNs via
L Challenges with SOTA methods in GW educated proxy model
astronomy
L Introducing (FINALLY):

L& SINFONIA-JO
L& SINFONIA-JI

for modelling of BBH binaries.
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My focus essentially is solving Einstein’s evolution

equations:
GO(B + Agaﬁ =K Taﬁ

We can do this in various ways:
& Perturbative methods:

& PN/PM Expansions

& BHPT/GSF > My PhD

& Numerical relativity
& Also, clever hybrid methods such as EOB

f' Machine Learning and Artificial Intelligence

L.J. GOMES DA SILVA

My background in a nutshell: Computational relativity.

| | THE PHYSICAL PROBLEM ::::: THE 2*BODY PROBLEM VIA EINSTEIN’S EQUATIONS | | O/ ‘
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Figure 1 - Schematic range of validity of the methods to solve the
relativistic two-body problem. Edited from Ana Carvalho’s work
for https://gwsky.org/research/ .
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| IMY RESEARCH BACKGROUND IN A NUTSHELL| |

(B Development of numerical methods for solving the Einstein equations and beyond :

During my PhD:

& Development of numerical methods, DiscoTEX and ANSORG to
solve the governing equations of Extreme-Mass-Ratio-
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Inspirals: -
# Hyperboloidal methods > D2
# Discontinuous collocation methods % - Eiz
& Multi-domain spectral spatial discretisation methods 2 oo~ .~ o

# Discontinuous time-integration methods:
R Implicit and implicit-turned-explicit
R Multi-domain spectral time-integration

(ANSORG)
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# Multi-domain spectral spatial discretisation methods

Figure 2 — DiscoTEX, see: https://arxiv.org/pdf/2401.08758,
https://arxiv.org/pdf/2411.14399.

During my post-doc:

# Geometric Numerical Machine Learning
# Development of numerical methods for evolving pathological beyond GR equations such as those of k-essence.
& Self-consistent evolutions for the modelling of EMRIs
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GO‘B +Agaﬁ = KTaﬁ

|| POST NEWTONIAN APPROXIMATION | |

KQ Physical regime of applicability: Weak field, inspiral, before merger

L Start from Einstein’s equations

v2 GM<<1
EN—N—
c? rc?

£ Expand around the Newtonian limit

172
Gu = Nuy T h/,tw huv =0 <C_2>

L& The dynamics becomes an expansion in powers of 1/c

1 1 1 1 1 1
H = Mc? + Hy + = Hipy t S Hispy + 3 Hopy + 5 Hospy + 5 Hapy + 5 Haspy + oo

PN order Scaling Enters through Main physical effect

OPN c? Hy Newtonian two-body motion

1PN c™? Hipyn Conservative relativistic correction; periastron advance
1.5PN c™3 Hgg Leading spin-orbit coupling; spin precession

2PN c™* H,pn, Hsg Higher conservative orbital terms; leading spin-spin effects
2.5PN c™® Fycpn Leading radiation reaction; inspiral begins

L.J. GOMES DA SILVA
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| | MODELLING SPINNING BBH BINARIES VIA PN AND GEOMETRICAL NUMERICAL INTEGRATION | |

L& We are interested in modelling spinning BBH binaries accurately

Dynamics can be accurately captured by PN equations of motion:

=2 p=_9 p s, = s
= — - — = X
oP 0X @ 9s, ¢
Then: .
Spin
HADM(X,P,S1,82) = HGR (X, P) + HyD) v (X, P, S1,52).
And:

Hoyp = Hy + HipN + H,pN + H3pN HSpin = Hgo + Hs,s, + Hs, s, + Hs,s,

Challenges:

R Extremely long-integrations, 105 to 106

B4 Inherent multi-scale structure

R Need to scan over wide regions of parameter space
B4 Chaos

R Waveform accuracy and fidelity

L.J. GOMES DA SILVA

GW PHASE

E

T

PHASE DRIFT OVER LONG INTEGRATIONS

=== TRUE
RK4 / RK45
~— SYMPLECTIC

31/05/2026



| | UNDERSTANDING WHY THE CONSERVATIVE PN SYSTEM HAS EXPLOITABLE GEOMETRIC STRUCTURE | |

@ The spin terms enter through spin-orbit and spin-spin couplings:

2G Soge L - . G
Spin-Orbit (SO):  Hgq = “72eff ' ® Spin-Spin (SS): Hs,s, = 553 [3(51- N)(S2 - N) = 51+ S,
c2 R3
3m2 3m1
With orbital angular L =XXP And the effective spin Sepr=(1+ yy— S+ 1+ T S,
momentum: contribution ! M

© This yields not just any arbitrary set of ODEs but it has Poisson structure. For orbital variables we have the
usual canonical bracket.

© while for spins we have a Lie-Poisson bracket:

apy=24.98 04 aB+Z t 9B here: A= (X' P'S;'S,),and B =
B} =% 55 TP ax S as’“'as b 1'92),ana s =

Thus:

& Structure encodes both Hamiltonian orbital motion and spin precession;

H 1t implies magnitudes should remain constant and the conservative dynamics should preserve the
appropriate phase space geometry.



| | GEOMETRIC TIME INTEGRATION FOR CONSERVATIVE DYNAMICS | |

& Hamiltonian splitting: # Split the system into sub-flows and compose: where:
a " (P SS* SO* orb S0 SS *
H =Hopp + Hgo + Hss D = Bpjy 0 Py 0 P 0 Py © Py, PP = @) o Dff 0 DR,
H Spin subflows reduce to exact rotations. Spin equation has the form: S=Q0X%XS
» whose solution is a rigid body rotation: S(t) = R(€,t) S(0)
P Thus, the SO and SS parts are decomposed into analytically solvable subflows:
Hgo = H%O + H§O + H§O HéO = LS"éffLi/R’3 P It preserves | S |? exactly, up to numerical precision.
oS0 _ ,f50 , S0, S0 ,Msor _ S0, S0, SO GHSS_ p .o . oB . 4
nz = Pnz °Pnjz ° Py nz = Puiz °Priz °Pns2 njz — Ph/2° Prj2° Phyz © Phy2
& Graduated to higher-orders via further compositions:
(4) _ 1 41/3
7 = q)yshoq)mhocbhhoq))’zhocbhh i=Y2=Va=Vs =473 V3= "4 _ 3



/‘ Structure preserving, preserves symplectic structure
& Demonstrates long-term stability with no phase-drift unlike explicit phase drifting schemes
& Allows for larger time-stepping

\ | | GEOMETRIC TIME INTEGRATION OF CONSERVATIVE DYNAMICS | | RESULTS| | _
© Features of the geometric Poisson integrator:

© Results:

le—10 Fig. 2: Energy conservation (EO = -0.00182) Fig. 3: Angular momentum conservation . Fig. 4: Spin length preservation
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Reproduced from https://arxiv.org/pdf/1003.5122 in JAX.
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| | GEOMETRIC TIME INTEGRATION || DISSIPATIVE DYNAMICS | | RESULTS | |

& Dissipative contribution padded around the conservative flow: cp,(liiSS = cl)}";/z o GLONS 4 cpg/z

h :
& Modelled by a Euler Step: P'=P+ EF(X' P,X)

& Results:

Fig. 5 (left): Error growth Fig. 5 (right): Energy deviation
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& Respects geometry of the PN system;
& Long-term stability and reduced phase-drift;
y & Inspiral produced by adding a dissipative momentum update;

H Breaks similectic structure ireservation.

© Asked and answered by Galley and collaborators in: https://arxiv.org/abs/1210.2745, https://arxiv.org/abs/1412.3082 and
https://arxiv.org/abs/1506.08443.

 Solution:
P Instead of writing radiation reaction only as an external force F, we introduce a non-conservative potential K
in an augmented/doubled phase space, Fpg — K.

» Or more explicitly,
0K d 0K
PL

). ¢
@ Features of previous dissipative geometric scheme: /{

\%EOMETRK: TIME INTEGRATION | | DISSIPATIVE DYNAMICS || CONTROLLED BREAKING OF SYMPLECTIC STRUCTU?\/(
Our scheme in a nutshell: Hapy = Horp, + Hspin With radiation reaction added as P = — OHapm Frp.

dq_ dtaq

L.J. GOMES DA SILVA 11



\J | [GEOMETRIC TIME INTEGRATION | | THE SLIMPLECTIC GEOMETRIC VARIATIONAL INTEGRATOR | | /

g Radiation reaction at 2.5PN: a non-conservative force not derivable from any single Lagrangian!

y, g Galley’s idea is to extend the variational principle to two histories: (g4 q-)

O and define the action
Slgyrq-1= fd t[L(q+ q4) — L(g—rq-)] + fd tK(q+q- G4 q-).

Here,
» L(q+ q;) — L(g_’ q_) describes the doubled conservative system,
» while K(q,’ g’ 4, G_) encodes the non-conservative interaction.

R4 Taking the variation and then applying the physical limit: qg-—0, g_—-0,
R4 Produces the ordinary Euler—Lagrange equation plus a dissipative force:

d 0L OJL B 0K
dtog 0q 09q_
R4 So, the non-conservative force is generated by

q-=0, q_:o

0K

Fy = ﬁ From: https://arxiv.org/pdf/1506.08443

physical limit
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4

Absolute phase error [rad]

Fractional energy error

| | GEOMETRIC TIME INTEGRATION | | CONCLUSIONS | |

» Features of symplectic and slimplectic schemes:
& Controlled breaking of structure-preservation
& Long-term stability

& Accurate results without the need to resort to adaptive methods!
Energy drift (SPN at h=64, RK4 at h=4)
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MACHINE LEARNING AND ARTIFICIAL INTELLIGENCE

ARTIFICIAL INTELLIGENCE (AI)

The broad field of creating machines

o that can perform tasks that typica
s %j%
i\;\:"fb"—f} MACHINE LEARNING (ML)

-y A subset of Al that enables machines to learn
{/p from data and improve performance
without being explicitly programmed.

DEEP LEARNING (DL)

A subset of ML that uses
multi-layered neural networks

\ \
o . O
OOO 7 | o000 o ‘1‘[] ‘ ./0 to learn complex patterns
04 00 O o O \ in large amounts of data.

-0 000 o0 | L ©
\

SUPERVISED | UNSUPERVISED | SEMI-SUPERVISED = REINFORCEMENT
LEARNING | LEARNING LEARNING | LEARNING

O ~ O

1950s 1980s 2010s

L.J. GOMES DA SILVA BIRTH OF Al RISE OF MACHINE LEARNING DEEP LEARNING REVOLUTION 31/05/2026
Early concepts of machines Algorithms that learn from data Advances in data, computation,
that can think and problem-solve. become practical and scalable. and neural networks drive breakthroughs

across many domains.

14




ML AND Al | | WHAT IS A NEURAL NETWORK ?

.
L

HIDDEN LAYER 1

HOW IT WORKS

HIDDEN LAYER 2

OUTPUT

n,

o

(prediction)

-

€ wpuTDATA

Dataset is fed into the
network in batches.

THE TRAINING PROCESS (HOW NEURAL NETWORKS LEARN)

L.J. GOMES DA SILVA

€ rorwarD
PROPAGATION

O _VO 0O
= 00
oo ©

Inputs pass through the
network to produce
predictions ().

N

I

r

€ Loss

COMPUTATION

N

‘ J

B
@) BackwarD
PROPAGATION

S A O0 0

L=07,y) —7 -+ O<:8 90>
) SN . U ,O« ‘O
Compare predictions () ‘ Compute gradients of the
with true values (y) to ; loss w.r.t. all weights
compute loss. - (using chain rule).

9 WEIGHT

UPDATE

l w<—w—nV.E}

Update weights using an
optimizer (e.g., SGD,
Adam) to reduce loss.

|

REPEAT UNTIL CONVERGENCE

\

Neurons (nodes)
Process information

Connections (weights)
Learnable parameters

Activation Function
Introduces non-linearity

Number of neurons
in layer i

®— KEY COMPONENTS —*

Activation Functions
Introduce non-linearity
(e.g., ReLU, tanh, o).

Weights (W)

Learned during training
to minimize loss.
Biases (b)

Allow flexibility in
learning patterns.
Loss Function

prediction and truth.

31/05/2026

Quantifies error between
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Recurrent Neural Network Long / Short Term Memory Gated Recurrent Unit
Perceptron (P) Feed Forward (FF) ~ Radial Basis Network (RBF) (RNN) (LSTM) (GRU)

{ @ Backfed Input Cell

| @ rowcen ‘ ;>- e Sl

Noisy Input Cell

ML AND Al || A KALEIDOSCOPE OF NN ARCHITECTURES | |
x s N 1 BASIC FEEDFORWARD NETWORKS *MF;“;(DFF) ——{;Rs_cugnelr&MEMORYNEYVOEKs‘r

Hidden Cell ( t 1
' € 4( AUTOENCODERS | ( ENERGY-BASED & PROBABILISTIC MODELS |
Probabilistic Hidden Cell Auto Encoder (AE) Variational AE (VAE) Denoising AE (DAE) Sparse AE (SAE) Markov Chain (MC)  Hopfield Network (HN)  Boltzmann Machine (M) Restricted BM (RBM) Deep Belief Network (DBN)
Spiking Hidden Cell
Output Cell

Match Input Output Cell

Recurrent Cell

cocee0O0POOP

Memory Cell /| CONVOLUTIONAL ARCHITECTURES | | GENERATIVE MODELS J— : - —
" Deep C lutional N rk D ional Ni k Deep C lutional Inverse Liquid State Machi E L ing Machi Echo State Network
Different Memory Cell (ON) Graphics Network (DCIGN) | BT (ELM) ¢ (aE;N)
|
Kernel o X® | 6 6 6 o ®® . 900
o 2 ) A K L B0 4
Convolution or Pool oo e &9 e = = T
% | Y &\ . @:\ X T
s | rysy 09 _G0be
e | 88049 o ¥
o 65 a8 ¢ @ o ®®
o
| OTHER IMPORTANT ARCHITECTURES
I Deep Residual Network Kohonen Network Support Vector Machine Neural Turing Machine
(DRN) (KN) (SVM) (NTM)

L.J. GOMES DA SILVA 31/05/2026 16




| ML AND Al | | WHAT IS A GRAVITY-INFORMED NEURAL NETWORK (GINN)? | | WHY BOTHER ? || J

Examples: GINN constrained by 2-body structure: Example: orbital + dissipative structure
1 _ OHpn/EoB
/| L Hamiltonian flow z=X P S;S,),A=(mymy xy xo...) oP '’
o Radiation' reaction, | z = fpn/eoB(Z A) + fo(z 1) p—_ 0Hpn/E0B + Fap + Fy.
Q Symmetries, conservation 0X

& Conservation Laws Sa = Qq(X' P57 S3) X Sy + Gg g.

& Phase coherence

g ' For next-gen GW modelling we need:
, o

L& Long-time phase accuracy over millions of orbits;
L& Fast paremeter sweeps;
L& Out-of-distribution capabilities (we do not want to just fit training
waveforms. We want to design an extrapolator);

L& Long-time stability.

Ipductlv blas "

Meme by ROhIt Chandramouli upon request



r(¢)
du

P Introducing v(¢) = @

| x| ML AND Al | || HOW TO CRAFT A GRAVITY-INFORMED NEURAL NETWORK (GINN)? ::: THE PROXY MODEL | |
M 1
Consider a proxy toy model: Schwarzschild Binet equation: u"” +u= zT 3Mu? w(d) =——=

[ A¢p =21+ 0 l
s.t.
/ & = periastron advance per orbit
u =,
O
v' = ud +3Mu? —u
= L2
_ Periapsis
A ((n+1) orbit)
L Conserved Invariant: & The orbit evolves on the invariant [ .
(n orbit)
curve: t
1 1 M I(u,v) =1
I(w,v) ==v?+-u?—-—=u— Mud Y
(w,v) 2 2 L?
di Small invariant error shall give: «
. - fl Relativistic (Schwarzschild/Binet) ‘f
d ¢ 0 I (u, v) * 1 0 : prec:ssir:g orbit: advances by 5t i
| each cycle.
P *.  Newtonian orbit (no precession): |
: H Pl — R " closes after 2. :
& Precession diagnostic:  Ag,,q = 27 + 6, §>0 o ey

L.J. GOMES DA SILVA 31/05/2026 18




\ & Equation bias A Invariant bias

Enforce the local equations of motion: Preserve the geometric manifold:

r1(®) = ug(¢) — ve(¢)

M
r2(9) = vp(¢) — <ﬁ + 3Mug(¢)* - u0(¢)) or softly,

N

1
Loy =5 ) (@)% +72(9)?]

i=1

I(ug’ (¢),ve(9)) = Iy

N

1
L= Nz[l(ue' (P ve(P)) — Io]?.

=1

\ || MLAND Al | |[HOW TO CRAFT A GINN? | | TYPES OF G-BIASES AND PIML METHODS | |

& Flow bias
Learn the evolution map itself:

z=(wv)
Zn+1 = cDg(Zn)

For symplectic flow maps,
(azq)g)T](achg) =].

Vector-field learning The differential law z = f(2)

A map from problem data to

Operator learnin ) )
P g solution functions

The time-step/evolution map

Flow-map learning directly

L.J. GOMES DA SILVA

‘ Proxy-model example

Learnu’ = v, v' = Fg(w v) or
Ho(w v)

(Ug:Vo) = (u(d),v(d))

2,°2y,, OF (2o’ @) = ()

‘ Known NN architectures

PINNs, Neural ODEs, HNNs

DeepONet, Fourier Neural Operator

SympFlow, SympNets, neural
integrators

31/05/2026 19



|| MLAND Al | |HOW TO CRAFT A GINN? :::

¢ Learn the local rule of motion:

| | VFL via traditional PINN | |

The network directly outputs the trajectory:

¢ — (ug’ (¢),vg(d))
and is trained by residual minimization:

= Uy — Vg

/ M 2
T, = Vg — L—2+3Mu9—u9 :
N

1
Loy =5 ) [ (@)* + 12 (607].

i=1

L.J. GOMES DA SILVA

or approximate it by

dz

—_— _ u

d¢ f@(z) Z—(
| | VFLvia HNN ||

Instead of learning the vector field directly, learn a
scalar Hamiltonian-like object:

Heg(2)
and obtain the vector field by differentiation:

z = JVHy(2).

For this reduced conservative system, the invariant
plays the role of the Hamiltonian:

H(z) ~ I(wv).
So, one can write

7 = JVI(2).

v

VECTOR FIELD LEARNING | |

 For the Schwarzschild Binet system,

v
)’ f(Z)=<M+3Mu2—u>'

LZ
| | References | |
B PINNs:

https://arxiv.org/abs/1711.10561 ,
https://arxiv.org/abs/1711.10566

B HNNs:
https://arxiv.org/abs/1906.01563

31/05/2026 20
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N

P Do not learn one trajectory, we learn the solution operator: G: (uy vo) — (w (¢), v(¢)).
So instead of training a new model for each orbit, one trained model can represent a family of orbits.

DeepONet splits the problem into two  Operator reconstruction

parts: For two outputs, uand v,

p
¥ Branch network ug (P ugs vg) = ug + s(¢) Z b (uy vo) Ty 1 ()
The branch network receives the initial k=1

condition: (uy’ vg)

p
v (31407 V) = Vo +5() ) by (1t v0)Ty ()
k=1

and produces coefficients: , . -
P with the hard initial-condition factor

by (uy'vg), k =1, ...,p.
k(ug’ vo) p o e
S(¢) - m
¥ Trunk network I 0
The trunk network receives the Therefore,
coordinate: ¢ s(¢py) =0
and so

and produces learned basis functions: ug($o) = ug, vg (o) = vy.

Tk((p), k = 1, ey P

L.J. GOMES DA SILVA

|| ML AND Al | |HOW TO CRAFT A GINN?| | | OPERATOR LEARNING VIA DEEPONETS| |

Loss function:

Even though the architecture
is operator-based, we can still
impose the equation residuals:

= Uy — Vg

LDeepONet

N
1
=3 (@)% + 1($?].
i=1

31/05/2026 21

From: https://arxiv.org/abs/1910.03193, https://arxiv.org/abs/2311.14131 .




This induces: z(¢p + h) = ®(z(¢)).

\3 || MLAND Al | |[HOW TO CRAFT A GINN? :::: FLOW MAP LEARNING] | /
Instead of learning the derivative, we learn the time-advance maps: z = f(2).

So, the network learns: CD,OI: Zn V> Zniq-

O For the Binet proxy

The desired property is
I(Zn+1) & I(Zn)-

Over many steps,

I1(z,) = I,,n=0,1,...,N.

31/05/2026




| |GNML | | GEOMETRIC TIME-INTEGRATION VIA PROJECTION METHODS || C-PINNS | | O/

» Avanilla PINN may satisfy r; = 0,1, = 0, but still drift in the invariant: I(ug’ (¢), vg (¢p)) # I,.

P For long-time relativistic orbits, this matters because :::::: invariant drift = wrong radial period = wrong precession.

Instead of only penalizing invariant error, project the prediction back to

Lsoft-PINN = Lphys + 4L the invariant manifold.
where
1 N " Let
L= NZ[I(UQ’ (Pi)ve(di)) — Lol”. zg = (up’' vg).
i=1 The invariant manifold is
My, ={z:1(z) = Ip}.
. . The projected state is
This encourages the network to remain close to Z, = 7g + AVI(zp)
’ e c — 460 0./
I(wv) = Ip. where A is chosen so that
I(ZC) = 10.
31/05/2026 23
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See https://arxiv.org/abs/2311.14131.




P The operator is: Gg: (Ug’ Vo) — zg (s Uy Vp).

| [GNML | | GEOMETRIC TIME-INTEGRATION VIA PROJECTION METHODS || CDEEPONET /
\ P Combine operator learning with invariant preservation as with cPINNs.

» The conservative correction is: zg v z, = zg + AVI(zg) with I(z.) = I,.

O

Continuation strategy

P Early in training, projection can destabilize optimization. So, use a gradual projection blend:
Zginal = @Z, + (1 —a)zg,0 < a < 1.
P Atearly epochs, a = 0, so the model behaves like a standard DeepONet.

P At late epochs, @ — 1, so the model becomes conservative.

See https://arxiv.org/abs/2311.14131.

L.J. GOMES DA SILVA 31/05/2026 24



|| VL via PINN || | | cPINNs and cDeepONets | | || VL via HNN || | | SympFlow / flow-map method ||

Learns the trajectory & Learns a state and corrects it 4 Learns the Hamiltonian & Learns the evolution map with a
K Learns Structure H Structure is imposed only on 4 Vector field is symplectic constraint
\ only weakly imposed the invariant manifold via brute-  Hamiltonian by construction. & Time-step itself preserves phase-
Precession error per orbit T Per-orbit precession across 50,000 orbits
10- 0.0009 ...
o = .
1072 3= ¥
0.0008 4
1073 5
E 1074 + —&— standard PINN «=++ analytic delta_exact = 2.7839
£ ~m- exactly conservative PINN o~ 0.0007 1 g;"’q”f %’;;:;’E H (no HNN)
& 1075 --&- RKA45 (rtol=1e-12) g HNN + RK4
3 _ —¥— implicit midpoint & oot
3 1076 5 0.0006 - HNN + Yoshida 6
1077 5
8 0.0005 4
107° + e P S e
1079 = : ‘ : : : : : ‘
1.0 15 2.0 2.5 3.0 3.5 4.0 4.5 5.0 000044 , ; ; ; .
orbit number 0 10000 20000 30000 40000 50000
orbit number
Geodesic energy drift over multiple orbits Precession error per orbit
1071 1
/—/f 10-3 1
1073 1
1075 A /—\ 10°5
= 107 - —— standard PINN ’,{;
= exactly conservative PINN = 1074
T L1 S A N RK45 (rtol=1e-12) g
s —— implicit midpoint 9
1071 S0 SRR SSovores Feresesree TSR IR S SRR & 17
10_13 | ;:‘J. et 10_“ | r’i 25
10-15 - - .- ; . £
Lol fwr o DI o SBh gt nuetifilldusus | 101
0 10 20 30 40 50 ‘ SympFlow 6
¢ (I) 10600 ZO(I)OO 30600 40600 50600

orbit number



W\ > The observable is not just the local trajectory error. For relativistic orbits, the important quantity is long-time phase.

1(zg($))—1Io
Iy

Invariant error: €;(¢) = kt1) _ 30 _ op

Measured precession: §; = Pperi

The exact relativistic precession is: dexact= AQPraqg — 2T.

. o (k
So the precession error is: ergrlc = |0} — Oexactl-

Main causal chain:

» I(z) # I, » wrong invariant curve in phase space » wrong radial period® wrong accumulated periapsis phase

\ || ML AND Al | |[HOW TO CRAFT A GINN? :::: WHY ARE HNNS AND FLOW METHODS BETTER ??7? | |
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by

\ || GNML | |INTRODUCING SINFONIA-J] | 4
1\@ whatis SWFNA? — SymplecicNeuralFlows fo Oital Numerical ntegation and Acelration

& Learns full symplectic map H Itis going to learn a ghost symplectic
neural flow map

Example: OOD from 3PN dynamics Example: Inspiral from NS-NS binary

Again, what do we want ?

®g Structure-preserving geometric methods \
THEN WE'LUTRAIN IT UNTILTHERE
g Long-term stability IS NOTHING LEFT OUT OF IllSIllIBllTlllN

®u Amortization across series of initial conditions e L4 I’
1T L AT

R Out of distribution computational power . O et |

L.J. GOMES DA SILVA >



| IGNML | | SINFONIA-JO :::: THE PHYSICAL PROBLEM | |

L The Hamiltonian:

(p) P H. = |p|2 GM‘U _ mim; M =
Horb(q’p)zHN'l'ZHkPN NTow r e+ m, =M
k=1
L& Dynamics of the Hamiltonian: 0
z = JVH(2), 1=(5 o)

L Train Py(z,t) :
q®
CD@(Z, t) & Cl)t orb (Z)
& Symplectic by construction
& A single network should handle any time step t € [—At, At].

& Rollout is just repeated function evaluation at:

Zn+1 = q)g(zn: At)



| |GNML | | SINFONIA-JD :::: ARCHITECTURE IN A NUTSHELL ::: SYMPELOW | |

© A time-dependent neural flow layer is associated with the Hamiltonian: Each of i layers is the exact-flow

Hi(q p) = Vp"(t' p) + ti (t' g — (vapi(t, p) — Vpri(t, 0)))_ of the separable.timej-
dependent Hamiltonian
© Each layer is implemented as alternating exact Hamiltonian subflows:

p<Db— (VqVq(l) (qr t) iR VqVq(l) (QJ 0)) ' Flc’);fv"that updates momentum p q < (¢ + (Vpr(l) (p; t) - vp Vp(L) (p; 0)) - ’ F(:l‘o;/v/that updates position g

using position g (with p fixed) using momentum p (with q fixed).

© Because SympFlow is a composition of Hamiltonian maps, the total

Hamiltonian is built recursively: do q ) q
* Y40 {

HtLl(X) = Hf:(i—i_l)(x) + Htl <¢I;l]::(i+1) t(x)> ,i = 1; ;L - 1;
t ’
with H:'L = HE. Therefore, the Hamiltonian associated with the whole SympFlow t
is j’[(lp) — Hg,:ll TIME STEP
© Full network:

h h,L h1 o ) ) : Po > p M
by = <I>9'L 0.0 <I>9'1 Composition of symplectic maps is symplectic, then .

dy(z,t), is symplectic for any parameter setting!



| | Residual (PINN-like) | |
1
Lres = Nzuatq)e(zi; t;) — JVH(®g (2, ti))'lz f

| | H-match (anchors the learned rollout)| |

K\ | |GNML | | SINFONIA-JO :::: ARCHITECTURE :::: TRAINING LOSSES] | /

O
1
Ly = NZ(HG(ZL" t;) — Htrue(Zi))2

| | Supervised (in our case SPN4 trajectories)| |

Lsup = %Z ”‘De(zi»ti) - ZiSPN4(ti)||2
i

The positions are of order g ~ 50, while the momenta are of order p ~ 0.027 =» tahn saturates @ some range

L.J. GOMES DA SILVA 31/05/2026 30



| IGNML || SINFONIA-JO | | CONSERVATIVE DYNAMICS @ 3PN || RESULTS O/

Multi-IC training @ @ @ Data range = {0.05, 0.10, 0.20, 0.30, 0.40, 0.50, 0.60}

In range: Interpolated within training data set: Weak OOD: Extrapolated value
configuration (g, q,) in_low: e = 0.075
ext_below_weak: e = 0.04 ext_below_strong: e = 0.001
40 40 4
40 1
204 20 -
— DOPBS3 — supervised — o —— 01
s 0 = ;;:“ :_';6 '&M & 0] — SN h=16" — wipervived
- RKA b2 & 0
-20 -20
-20
-40 —40 1 40
40 20 0 20 40 40 -20 0 20 40 v v . ; .
a & -40 20 0 20 40 60
QI
energy drift energy drift :
qy energy drift
1075 1 10-5
10-7 1 10-7
10-¢ 4 10-2
= -11 4 10-11 A
— Dopes3 = ] Ao P - g 1071
' e - —— —— =ih e mperviy o
% 10-13 4 i::d :.:)16 e - “._J 10713 4 RKE =2 g X 2% (\ [\  pengvm !u,J 10-13
) /) /) ‘ -
su | -15 4
10! [\ [\ 10 10-154
10717 4 10717 107V?
-16 J 10 19 4
10-1¢ 10171 w— SFNE half — apervesd
T Y T Y T T AXd h=2
0 10000 20000 30000 40000 50000 0 10000 20000 . 0000 40000 30000 0 10000 20000 30000 40000  S0000 0 10000 20000 30000 40000  S0000
t

t t



|| GNML | | SINFONIA-JI :::: THE PHYSICAL PROBLEM | |

L Source: Compact binary inspiral, 2.5PN relative motion

B4 Relative coordinate g, mass ratio v, total mass M.
R Inspiral fromry = 100 M to ISCO atr = 6 M. | 0 &
By For an equal-mass NS-NS binary t...; ~ 108 s, ~ 2000 orbits, accumulated phase ~ 12,500 rad.

R Conservative Lagrangian:
L=culqp+22
—H | q |

S At 2.5PN, radiation reaction enters as a non-conservative force:

.uq = Feons + FI%RSPN'

@ As previously discussed, we use Galley’s idea: restore a variational description by doubling variables,

q = (q+q-),
and generating dissipation through a non-conservative potential K.



|| GNML | | SINFONIA-I :::: ARCHITECTURAL SKETCH| |

A Taylor-informed ansatz is
|4

k
\ dPo(wt) =u+ Z %fk(u) + tP*1 MLPy (w t).

k=1

Here,

* fi(u) are the analytic Taylor coefficients of the true flowatt = 0

* The term MLPg(w t) is a learned remainder. It only learns what is missing beyond the analytic Taylor expansion.
* The loss compares the learned flow to one step of a reference slimplectic integrator:

Lies = ||CI)9 (wt+h) - Shmp(cbe(w t))"

Instead of using a completely unconstrained MLP remainder, we can build the learned correction from gradient-symplectic layers.
An up layer updates momentum while keeping position fixed:
up: (2 p) — (@ p + VqFi(q' D).
A down layer updates position while keeping momentum fixed:
down: (g’ p) — (g’ +V,G;(p' t) p).

The learned map is written as

dy(wt) = SympNet(wt) + (0' t eg 6 | ) + t £4ux MLP, 1« -
q_=v_=0

conservative core : stabilizer
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|6E/E|

|6¢| [rad]

|| GNML | | SINFONIA-Ji

.0 RESULTS | |

Fractional energy error

105 ] = Slimplectic, At=1000M SINFONIA-]1_1, At=1000M
Slimplectic, At=T_ISCO — SINFONIA-]1_2, At=1000M
=== RK4, At=1000M — SINFONIA-]1_3, At=1000M
104 4 ==+ Rka, At=T_ISCO = SINFONIA-]1_4, At=1000M
— RK45 on 1000M grid m— SINFONIA-J1_5, At=1000M
2 RK45 on T_ISCO grid * SINFONIA-J1 fine, At=T_ISCO
10 SINFONIA-J1_0, At=1000M e ————————————
10° 1
1072 1
1074
1076
1078 1
10—10 e
1074 1073 1072 107! 10° 10! 102
Time [sec]
Absolute phase error
= Slimplectic, At=1000M SINFONIA-]1_1, At=1000M
103 i Slimplectic, At=T_ISCO — SINFONIA-]1_2, At=1000M
=== RK4, At=1000M ~— SINFONIA-]1_3, At=1000M
==" RK4, At=T_ISCO — SINFONIA-J1_4, At=1000M
ol RK45 on 1000M grid m— SINFONIA-J1_5, At=1000M
107 1 RK45 on T_ISCO grid * SINFONIA-J1 fine, At=T_ISCO
SINFONIA-J1_0, At=1000M
1073 1
m-“"‘
P
108 4 T
10-9 470
10—12 4
10—15 B
1074 1073 1072 1071 10° 10! 102

Time [sec]
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| | OUTLOOK | |

& Improvement of SINFONIA-JO architectural layer design and push to more challenging OOD
extrapolation regions;

& Benchmark both SINFONIA-JO and SINFONIA-JI at large scale against DOP8ad, including the amortized
versions and compare long-term energy drift and speeds;

& Add a symbolic regression branch to SINFONIA-JO and SINFONIA-JI:
@ If trained supervised with some simulated dataset from a model incorporated with
environmental effects or beyond GR corrections, can SINFONIA:
- integrate OOD, evolve with no phase drift?
- retrieve the correct analytical expression via symbolic regression?

& Extend framework to EOB and train on simulated IMR data from both BIB and NR data;
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\ | | GSF AND BHPT IN A NUTSHELL :::: MODELLING AND E\(X)MRI | | /

L& Sources: E/(X)MRIs Extreme-(eXtremely)- Mass ratio inspirals

| | Key features | |

& [F(eature) 1]: Extreme length scales disparity
L [F2): Very slow, et~ 10% — 107 orbits

& [F3): Weak amplitudes but high SNR of GW emission &
detection

L [F4): Generically eccentric & spinning & inclined

Massive black hole (M)

Compact olyect (m)

¢ [Alt F4]: Circular &/or equatorial orbits

BH spin §,

Inspiral trajectory

,LU..“

L [F5): Complex IMR with sudden transition from inspiral
to plunge

L [FB): EMRBs emission from scattering/hyperbolic
encounters

L.J. GOMES DA SILVA 31/05/2026 37



\ | | GSF AND BHPT IN A NUTSHELL :::: A SKETCH OF THE NUI\/IERICAL RECIPE] |

© Expanding the Einstein tensor to linear order: 2
Gap = Gap +8Gap = 8Gop = =f ~ Lap § o N * Rellaal
| o Im[Uy,]
Top = 1L dT( DY uqups*(x* — z#(0) 2
() Split 4D spacetime x% = (x%,04) : 6.0 0.2 0.4 06 08 1.0
2D Lorentzian manifold x% = (t,r) + 2D Sphere 84 = (6, ¢) o

Figure 2 - From DiscoTEX P1
© Apply scalar OR tensor spherical harmonic decomposition s.t.

The numerical recipe for solving governing PDE:::

& Scalar
@(t,7,08,d) = X120 P(t, 7)Y (6, d)

© Apply Klein Gordon eq. for a scalar field

Then goes as
1
" =V, V0 = ——0,[y=gg""0,®] =

NET L2 Phase I: Resolve the wave-like equation and compute master functions
¢S/RW/Z(t’ 1') & at¢S/RW/Z(t, 1‘)
where,
© 1 L& Phase 2: Reconstruct the metric perturbations | | We've 6 perturbations
So —4thf —&* (X” — z”(r))
V8 h(t,1) = B™(t,1) = [fORW + 1f3,¢" —13E.] @ particleie ™ (t,1,)

L Phase 3: Use reconstructed terms to calculate the GSF

© simplify to “amicable” form
F'I;ﬁ,"odd [B™(t, 1) + 1,0,.B™(t, r)]aeY,m( , 02 t) @ particle i.e F;ﬁ,"ozd (t,ry)



£ Difficult 1 in space - Disco

| | GSF AND BHPT IN A NUTSHELL ::: NUMERICAL RECIPE VIA DISCOTEX] |

E ¥ S
.| [CTRL F3]

a a . q -~ DH2 SH2
#Discontinuous collocation methods for spatial
q a a q q q 5 . 8 -8~ DH4 SH4
discretisation (Discretize U,L in space using finite =
. . . = DH6 SH6
difference, pseudospectral or Fourier collocation B 010
- ~#— DH8 SH8
nodes )
-¥- DH10 SH10
L U N (S (S Y N RN SR o Y 45
-~ DH12 SH12

Chebyshev/equidistant collocation nodes

Lis simpl N <O I)
is simply 922 0

¢ Difficulty 1 in time - Disco

 Discontinuous Hermite/RK interpolation formulae

Un+1

= |7 AtL+At2L2+ - 1+AtLAt2L2+ un
- 2 12 CRCRCaY . 2 12 L)

& Difficulty 3 — TEX/IMP/REX
& Use IMTEX implicit-turned-explicit integration scheme.

10718

Figure 3 - From DiscoTEX P2

£ Difficult 1 [F1, F3] — Handling the distributional source term in both space and time, 1+1D
& Difficult 3 [F2, F3] — EMRIs are slow evolution systems, their evolution may take months
or even years!

(Integrate in time using time symmetric methods as a coupled
ODE system).



| |GSF AND BHPT IN A NUTSHELL | | | DEMYSTIFYING IMP/IMTEX SCHEMES IN NUMERICAL RELATIVITY | |

On the Stability of the Iterated Crank-Nicholson Method in Numerical Relativity

Saul A. Teukolsky
Newman Laboratory, Cornell University, Ithaca, NY 14853
(November 26, 2024)

/' In the late 90’s** implicit methods start being explored through the Iterated

Crank Nicholson (ICN) Scheme written in an explicit form. TN o k=1
0 = =
Misconceptions seemed to originate here with two major conclusions: 2L ] k=2
% Proposition I - The ICN scheme retains stability for at most two ~ 4 1 ¢ k=3
el I8
iterations, any higher number of iterations will result in a less S I‘* -6 ]
N e k=1
stable method. 20

—]0 o R
4+ Proposition Il - The accuracy of the ICN scheme remains second ¢ k=9
order in At and Ax from the first iteration on. Doing more = ‘ o k=1
iterations changes the stability behavior, but not the accuracy. (‘) ](‘)0 260 3(‘)0 4(‘)0 sc;o 6(‘)0 T
Since the smallest number of iterations for which the method is k=13
stable is two, there is no point in carrying out more iterations t
than this. Figure 4 — Increasing the number of k iterations effectively changing the
accuracy of the ICN. https://arxiv.org/abs/gr-qc/9909026. Plot from my
We can solve the Iterated Crank-Nicholson Scheme explicitly as: PhD Thesis.
. Initializing Step
™t = y"+ (AtL).u" kmax—1 k
. Ut =1+ acL 20 |
n+1 = + At 2 n
. Then Iterate k times k=0
L.J. GOMES DA SILVA 31/05/2026 40

At
un+1 = u" + 7L_(un+1 + u”)



£ Consider the ODE in time: & Fundamental theorem of calculus:

ty y(ty) — )’(t1)
——f<y't> y(ty) — y(ty) = | f(y,v) dt

t1 Py (fl +f2 +W (f 1 2) +120 (f”1 _fnz) +](Atx'At)

K | |GSF AND BHPT IN A NUTSHELL | | | FOCUSING ON TIME-INTEGRATION| | /

# For PDEs:
U(t,q) = U(t,) + fttn““LU(t)dt

2-point Taylor expansion

Hermite order 2 aka trapezium rule

Uit =Up+ SL(Un+ U, + O(AE)

Hermite order 4
2

At At
Upy1 =Up + 71'- (Un + Un+1) +

L (U, —U,.1) +0(ar)

L.J. GOMES DA SILVA 31/05/2026 41



| | BUT WHAT IS SYMPLECTIC STRUCTURE ??? WHAT DO WE MEAN BY PRESERVATION ? | |

Considering the Hamiltonian

. _dq OH

. dp  0H dqy _ 4 u =] VH(w) (0 I

e %

Flow of the system

¢ (q(0),p(0)) = (q(t), p(®)) 0 R24 - R2d
Energy preserving time-integrator f
An+1 — An H(Qn: pn+1) . H(Qn: pn) :
At . DPni1 — Pn H(Gn+1,Pn+1) — H(qn,0n) =0 2r .
. PR ,
Pn+1 — Pn . H(Qn: pn+1) - H(Qn+1; pn+1) [ Qy ;
At n+1 — qn "Zp 1 —
Symplectic time-integrator urju, =J :
Un: (G Pn) = (Gnst Prst) up: R* > R* N LS
U, = 0up(qn,Pn)  Oun(qn Pn) Figure 5 — Increasing the number of k iterations effectively changing the
n aq, 0pn, accuracy of the IMTEX ICN and allowing the recovery of symplectic

structure preservation https://arxiv.org/abs/gr-qc/9909026. Plot from my
PhD Thesis. See Appendix B of DiscoTEX P1.

L.J. GOMES DA SILVA



| | BUT WHAT IS SYMPLECTIC STRUCTURE ??? || EXPLICIT DEMONSTRATION |

Consider the simple harmonic oscillator :

du p 0 -1
1 e - () =@ )
H(p,q) = 5 (* +4%) dt q 10
Is the IMTEX H2 scheme energy-preserving?
1] 8 ] 4At H(Dns1,4n) — H(pn,
48 4Nt 2t gt b = (Pn+1,90) — H(Pp, Gn)
(qn+1) _ 4 + At2 4 + At2 (qn) tl + A7) + A4t Pn+1 ~ Pn
p B 4At 8 p i .
i - 4 + Atz -1+ 4 + Atz " l -2 4+ 8 _ 4At — H(pn+1f Qn) - H(pn+1t CIn+1)
Al T aracz|Pr T ar a2 dnet — 0o
1 1, 2 2 2
— (2 Pnn — 20143 + c2¢1P% — At C3Ppn = HPry1, @n) — H(pny @) 3z C1Prdn — 26100 + 26107 = At ¢3Pndn = H(Pps1, @n) — H®ni1, dne)

At

Is it symplectic?

- 8 At " 8 At
2 2 — — S —
8 4At 4+ At2 1+ At%2/4 4 + At? 1+ At2/4
detUIMTEX HF2 = <_1 "oy At2> " <4 + At2> B UnJUn = At 4 | At 4
- -1 — !
1+ At?/4 +4+At2 1+ At?/4 +4+At2
31/05/2026 43
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| | OUTLOOK | |

& Improvement of SINFONIA-JO architectural layer design;

& Benchmark both SINFONIA-JO and SINFONIA-JI at large scale against DOPa83. including the amortized
versions and compare long-term energy drift and speeds;

& Add a symbolic regression branch to SINFONIA-JO and SINFONIA-JI
@ If trained supervised with some simulated dataset from a model incorporated with
environmental effects or beyond GR corrections, can SINFONIA:
- integrate OOD, evolve with no phase drift?
- retrieve the correct analytical expression via symbolic regression?

& Extend framework to EOB and train on simulated IMR data from both BOB and NR data;



